BAULKHAM HILLS HIGH SCHOOL

HALF YEARLY EXAMINATION

2010

YEAR 12

MATHEMATICS
EXTENSION 2

Time Allowed: 2 hours
plus 5 minutes reading time

Instructions:

Attempt all questions.

Do not write on this question paper. Use the answer booklets provided

Start a new page for each question.

Write your student number at the top of each page

Use black or blue pen only

Board approved calculators may be used

Staple your answer pages together in ONE bundle with the QUESTIONS stapled at the back of

your solutions.



Question 1  Start on a new page (10 marks)

b)

Given z= 1-3i and w=2+i

1) Express zw in the form a + ib

ii)  Find |zw| and Arg (zw)

\/E(cosx —isinx) 1-3i

i1i)  Hence, find x if
2+ 5

On an Argand diagram, shade the region containing all points representing complex

numbers zsuchthat Re(z) < 1 and0<Arg(z+i) < %—

Question 2 Start on a new page (10 marks)

a)

b)

1) Express +8 — 67 in the form a +ib where a and b are real.

ii)  Hence solve 2z 2+ (1 -3i)z-2 = 0 expressing the answers in the form

¢ + id where ¢ and d are real.

The roots of x* + 6x> +5x —8=0 are o, S and y .
Find

i) thevalueof a® + £* + #°

ii)  the monic polynomial with roots &, B and y°.

Marks



Marks

Question 3 Start on a new page (10 marks)

b)

i)  Showthat z= i isarootof 2—i)z* - (I+i)z+ 1 =0. \ 1

ii)  Find the other root in the form z= a + ib where a and b are real numbers. 2

1) If P(x) = 0 where P(x) is a polynomial of degree n (where > 2) has a double root
at x = o, prove that x = & is a single root of P’(x). 2

ii)  Hence find the double root of x* + x> — 5x +3=0. 2

Given2 +i and 1 —3i are two roots of the equation x* + bx* + cx® + dx+e =0
where b, ¢, d and e are real numbers

1) write down the other two roots, giving a reason for your answers. 1

ii)  hence find the values of 4 and ¢ only. 2

Question 4 Start on a new page (10 marks)

a)

b)

1) If w is a complex cube root of unity, prove that 1 + w +w? = 0 2

ii)  Form an equation whose roots are 4, 1 +w, 1 +w* 3

2
An ellipse has equation % +y% =1
1) Find the condition for the line y = mx + ¢ to be a tangent to the ellipse. 4

i1)  Hence what are the equations of the tangents with a gradient of -;; : 1



Question 5 Start on a new page (10 marks)

a) Find the equation of the ellipse shown in the diagram below.
A focus and directrix are shown.

N |

b)
y

A

P(asec ¢, btan §)

X
//Q
v

x2 2
1) Derive the equation of the tangent to the hyperbola peli %:2— =1

at the point P (a sec@, b tan @)

if)  This tangent meets the directrix at . Find the coordinates of Q.

iy  If S'is the focus, find the gradient of OS

(iv) Prove that PQ subtends a right angle at S



Question 6 Start on a new page (10 marks)

a)

b)

2 2
Consider the ellipse AN A
9 16

1) Find its eccentricity
i1)  Find the coordinates of its foci S'and S~
iii)  Find the equations of its directrices

iv)  Sketch the ellipse showing the foci, intercepts and directrices

2 2
If B is the acute angle between the asymptotes of the hyperbola % - i;—z— =1

with eccentricity e (where r >s)

1) find B and e in terms of  and s

i)  hence show that e = sec g

Question 7 Start on a new page (10 marks)

)

b)

Itis given that |zj= z+Z.
Sketch on an Argand diagram the locus of the point P representing z.

1) Express the roots of the equation 22 + 32 = 0 in modulus/argument form.

ii)  Hence show that

-2z +4z% - 8z+16= (z* - 4cos—}§-z+ 4) (z2 n‘?coszsf-[— z+4)

iti)  Hence find the exact value of cos i;:- in simplest surd form.



Question 8  Start a new page

a) Two of the roots of the quartic 6x* — 13x3 — 90x? + 208x — 96 = 0
are equal in magnitude but opposite in sign.

The other two roots are reciprocals of each other.

Find the four roots.

b) Four lengths, a, b, c and d are joined together to form a quadrilateral.

iii)

v)

Find an expression for the area, A, of the quadrilateral.

Prove that a® + b —¢> — d? = 2abcosa —2cd cos ff

Show that a4 _ é— (ab cosa +cdcos ff %é} and that

do a
_ci’ﬂ_ _ g_bsincx
da cdsinf

Prove that the greatest area occurs when the quadrilateral is cyclic

End of Paper
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